Introduction {#Sec1}
============

Dynamical spontaneous breaking of scale invariance (SBSI) is rare. If a theory is exactly conformal, it either does not break scale invariance, or the breaking scale is arbitrary (a flat direction) \[[@CR1]\]. Thus an explicit breaking has to be present to trigger and stabilize the SBSI. However, this explicit breaking must remain small throughout the whole renormalization group running not to ruin scale invariance. In particular, the $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function of the coupling that introduces the explicit breaking must remain small at the scale of SBSI. This condition is difficult to satisfy: for example in QCD or technicolor (TC) models the condensates are triggered by large and rapidly changing couplings at the condensation scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _\mathrm{QCD,TC}$$\end{document}$, implying large explicit breaking. Thus no light dilaton is expected in either case (in agreement with the absence of a light dilaton-like scalar hadron in QCD) \[[@CR2], [@CR3]\].

One possible scenario is that conformality is spontaneously broken along a flat direction, which is then lifted via the potential generated through a small external coupling whose non-zero but also small $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function breaks scale invariance explicitly. This mechanism is essentially what is assumed to happen in the Randall--Sundrum (RS) model \[[@CR4]\] stabilized via the Goldberger--Wise (GW) mechanism \[[@CR5]\]: the bulk scalar field is associated with the small and slowly running external coupling, and the appearance of the IR brane signals that SBSI has occurred \[[@CR6], [@CR7]\]. The resulting massive radion mode \[[@CR8]--[@CR11]\] is identified with the light dilaton of SBSI. However, in the 5D picture this scenario assumes that the IR brane tension has been tuned such that the radion potential is flat in the absence of the external perturbation. Generically such fine tunings are not present, and one would like to understand whether a light dilaton can still occur in the absence of tuning. In the 4D language the theory with a large mistune can be understood in terms of the dilaton potential in the following way \[[@CR12]--[@CR14]\]. Scale invariance allows an unsuppressed quartic (non-derivative) self-interaction term for the dilaton, since a dimension 4 operator in the action is scale invariant. An $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1)$$\end{document}$ mistune on the IR brane corresponds to a large quartic dilaton potential, which would generically prevent SBSI, at least for small perturbations. In the 5D picture a non-vanishing quartic would force the IR brane to infinity (and thus no SBSI), or the branes would be very close to each other (so effectively no scale invariant regime).

Contino, Pomarol and Rattazzi (CPR) have suggested in an important unpublished work \[[@CR15]\] that this might be overcome if the quartic becomes mildly energy dependent via an explicit scale-invariance breaking perturbation, whose $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function remains parametrically small, but not necessarily the coupling itself. In this case the expectation is that SBSI will happen around the scale where the effective dilaton quartic vanishes, which can be a hierarchically small scale if the running lasts for a long time. At the same time the dilaton can be light, if the $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function is parametrically small at the scale of spontaneous breaking. The latter is the crucial dynamical assumption: the perturbation, which might start small in the UV, becomes sufficiently large in the IR to neutralize the initial large quartic, but at the same time its $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function must remain small. Phrased in a different way, as long as the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$-function of the perturbation remains small, SBSI will naturally happen regardless of the absence of a flat direction to start with.

The mechanism of scanning through the possible values of the dilaton quartic coupling until it reaches the minimum where it almost vanishes is also important when we couple the theory to gravity. The value of the potential at the minimum corresponds to the cosmological constant contribution generated during the phase transition from a scale invariant theory to the broken phase. If the value of the potential at the minimum is naturally suppressed by the smallness of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function in the IR, the contribution to the cosmological constant could be significantly reduced. This is a mechanism along the lines Weinberg was considering in \[[@CR16]\], except that he was requiring that the cosmological constant vanishes exactly, which in turn requires an exactly vanishing $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function. However, in this case no dilaton stabilization can happen. The potential significance of the dilaton for reducing the cosmological constant was also emphasized in \[[@CR17]\].

The aim of this paper is to examine the CPR proposal in a holographic setting and establish that it can indeed be a viable route towards finding a parametrically light dilaton in a dynamical SBSI theory with hierarchical scales. We will argue that even though the metric can deviate significantly from AdS space, this is due to the formation of a condensate of the perturbing operator which is very close to dimension 4. As long as the dimension is very close to marginal ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$4-\epsilon $$\end{document}$), the condensate will correspond to pure spontaneous breaking of scale invariance, with the resulting contribution to the dilaton potential still corresponding to a quartic (which will, however, acquire a mild scale dependence due to the running, $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon \ne 0$$\end{document}$). Moreover, as long as the running is slow, $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon \ll 1$$\end{document}$, the condensation in the IR will be universal: it will not depend on the details of the exact form of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function (which is captured by the form of the bulk scalar potential). Therefore in the IR the solutions to the coupled tensor--scalar equations will well be approximated by the exact solution to the system with a dimension 4 condensate (corresponding to the case of no bulk scalar potential aside from the negative cosmological constant). In the UV a slowly running solution perturbing the AdS background can be used. These solutions can be joined using asymptotic matching.[1](#Fn1){ref-type="fn"} This way we will be able to explicitly calculate the effective dilaton potential and show that the mass is suppressed by the small parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function at the minimum of the potential. This yields an explicit construction for a dilaton that is parametrically lighter than the dynamical scale of the theory as required for models where the dilaton is a Higgs-like particle \[[@CR12]--[@CR14], [@CR19]--[@CR21]\]. Moreover, we show that the value of the dilaton potential at the minimum, which provides the cosmological constant contribution from the phase transition, is also suppressed by $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$, which for realistic hierarchies can be as small as $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon \sim 10^{-2}$$\end{document}$. On the way we present an exact solution to the scalar-gravity system which is the gravity dual of a dimension 4 operator condensing in the IR, thereby yielding a fully spontaneous breaking of scale invariance. Even though the scalar background is not flat, and the deviation of the metric from AdS is large in the IR, this theory still realizes an exactly conformal theory that is spontaneously broken.

CPR also comment on the nature of the bulk scalar and the origin of its suppressed potential: a large coupling with a small $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function in 4D may be the dual of a 5D Goldstone boson of the bulk with the potential suppressed by the Goldstone shift symmetry. Of course, other realizations of small $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions can be envisioned as well, e.g. the coupling approaching a strongly interacting IR fixed point that is not reached because of *early* condensation. The construction presented here can be thought of as the proper realization of walking in technicolor theories \[[@CR22]--[@CR26]\]: in order to obtain a light dilaton the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$-function needs to remain small even at the scale where the condensates are generated. In the following we will not actually need to commit to any specific realization and the only crucial assumption is that the bulk potential is suppressed by a small symmetry breaking parameter.

The paper is organized as follows: in Sect. [2](#Sec2){ref-type="sec"} we give an overview of the mechanism for obtaining a light dilaton and in particular emphasize the differences between the standard GW picture and the CPR proposal. In Sect. [3](#Sec3){ref-type="sec"} we show how to calculate the dilaton effective potential in general holographic theories where the metric could deviate from AdS significantly. Section [4](#Sec4){ref-type="sec"} is devoted to the discussion of the solution with a dimension 4 condensate (vanishing bulk scalar mass), and of how to obtain a flat dilaton potential in that case via tuning two condensates against each other. Finally in Sect. [5](#Sec5){ref-type="sec"} we show how a naturally light dilaton can be obtained via the introduction of the small bulk mass, and we comment on the suppression of the resulting cosmological constant in that case. Several appendices are devoted to an alternative derivation of the dilaton effective potential (Appendix A), the detailed derivation of the small back-reaction case (Appendix B) and the GW case (Appendix C), an explanation of the asymptotic matching procedure for the boundary layer problem used for finding the full solution (Appendix D), a discussion of the dilaton kinetic term as well as dilaton parametrizations (Appendix E), and finally a discussion of an alternative choice for the IR brane potential (Appendix F).

Light dilatons via long running and small $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function {#Sec2}
========================================================================

Unlike for internal symmetries, non-linearly realized spontaneously broken scale invariance allows a non-derivative quartic self-interaction for the dilaton:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_\mathrm{eff} = F \chi ^4 \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi $$\end{document}$ is the dilaton field with scaling dimension 1. For a theory without explicit breaking one needs to have $\documentclass[12pt]{minimal}
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                \begin{document}$$F=0$$\end{document}$ in order for SBSI to occur: if $\documentclass[12pt]{minimal}
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                \begin{document}$$F>0$$\end{document}$, the minimum is at $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi =0$$\end{document}$ (no SBSI), while for $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi \rightarrow \infty $$\end{document}$, thus there is no scale invariant theory. So the only possibility is that $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi $$\end{document}$ is a flat direction: just like the flat potential valley for ordinary Goldstone bosons, the main difference being that the dilaton corresponds to a non-compact flat direction. If one wants to stabilize the scale one needs to introduce a small explicit breaking by perturbing the theory with a close-to-marginal operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}$$\end{document}$ with a slowly running coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$. This will generate a small non-trivial potential$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_\mathrm{eff} = \chi ^4 F(\lambda (\chi )), \quad F(\lambda =0) \sim 0, \end{aligned}$$\end{document}$$which can introduce a non-trivial minimum for the potential at hierarchically small dilaton values, and which will give rise to a small dilaton mass.
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                \begin{document}$$F=0$$\end{document}$ and the appearance of a flat direction is natural in supersymmetric theories. Focusing on non-supersymmetric theories, one may ask how likely it is for $\documentclass[12pt]{minimal}
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                \begin{document}$$F\sim 0$$\end{document}$ to occur in any given theory. The simplest answer is to perform an NDA analysis in the low-energy effective theory for the dilaton which gives an estimate for the size of the quartic \[[@CR12]\] $\documentclass[12pt]{minimal}
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                \begin{document}$$F\sim 16 \pi ^2$$\end{document}$. From this point of view spontaneous scale symmetry breaking looks quite unlikely and can be tuned at best in non-SUSY theories. This issue is even more evident if we notice that by reparametrizing the dilaton as $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle {\sigma } \rangle =0$$\end{document}$, the question of $\documentclass[12pt]{minimal}
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                \begin{document}$$F=0$$\end{document}$ is reminiscent of a vanishing cosmological constant, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _\mathrm{eff} = F f^4$$\end{document}$.

Contino et al. \[[@CR15]\] have, however, suggested a different viewpoint: the presence of a flat direction (in the absence of perturbation) is not required (nor is it natural). Their approach is then that a theory with $\documentclass[12pt]{minimal}
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                \begin{document}$$F\ne 0$$\end{document}$ will simply not break scale invariance spontaneously. Thus for a successful breaking of scale invariance a theory needs to be able to scan its value of $\documentclass[12pt]{minimal}
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                \begin{document}$$F\sim 0$$\end{document}$ is reached. In effect one needs a scale dependent quartic $\documentclass[12pt]{minimal}
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                \begin{document}$$F(\mu )$$\end{document}$, which can be achieved by introducing an external coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, explicitly breaking scale invariance via its running,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\hbox {d}\lambda }{\hbox {d}\log \mu } = \beta (\mu ) \equiv \epsilon \, b(\lambda ) \ll 1, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, whose detailed form is not important as long as the small parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ can be factored out. This running coupling will in effect adjust the value of $\documentclass[12pt]{minimal}
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                \begin{document}$$16 \pi ^2$$\end{document}$). If sufficiently long running is allowed, the corrections $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta F \sim (\Lambda _\mathrm{UV}/\mu )^\epsilon $$\end{document}$ can become sizable, and at some scale $\documentclass[12pt]{minimal}
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                \begin{document}$$F(\lambda (\mu _\mathrm{IR}) ) \sim 0$$\end{document}$. At this scale spontaneous breaking of scale invariance can happen. Since scale invariance is effectively recovered by substituting $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\lambda = 0 ) \sim 16 \pi ^2$$\end{document}$, and with its minimum determined by $\documentclass[12pt]{minimal}
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                \begin{document}$$F(\lambda (\chi )) \sim 0$$\end{document}$. Thus the CPR idea is to let the theory scan through the values of $\documentclass[12pt]{minimal}
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                \begin{document}$$F$$\end{document}$ driven by the small explicit breaking term. The running will stop when the critical value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F \sim 0$$\end{document}$ is reached and spontaneous breaking of scale invariance will occur. The differences between the scenario with $\documentclass[12pt]{minimal}
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                \begin{document}$$F \sim 0$$\end{document}$, to which we refer as RS$\documentclass[12pt]{minimal}
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                \begin{document}$$F \sim 16 \pi ^2$$\end{document}$ are illustrated in Fig. [1](#Fig1){ref-type="fig"}. It is of course very important that the explicit breaking of scale invariance, that is, the $\documentclass[12pt]{minimal}
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In order for the scanning mechanism to be possible, the contribution of the perturbation must approximately cancel the existing large tree-level quartic in the dilaton potential. This can happen only if the value of the coupling of the perturbing operator eventually becomes large. That does not automatically imply a large dilaton mass as long as the $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/\epsilon $$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {O}}(1)$$\end{document}$ mistunes, the observed hierarchy implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon \sim 1/\log (M_\mathrm{Pl}/M_\mathrm{weak}) \sim 0.1 $$\end{document}$--$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ 0.01$$\end{document}$: an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$ significantly smaller than this would require more running (and hence a much bigger $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_\mathrm{Pl}$$\end{document}$) to settle at the point with a small quartic. For a fixed hierarchy this can be understood as an issue of initial conditions. Given the hierarchy one needs to be a distance $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta \lambda \sim \epsilon \log \frac{M_\mathrm{Pl}}{M_\mathrm{weak}}$$\end{document}$ from the solution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\lambda _0) \sim 0$$\end{document}$. For exponentially small $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$ (needed to significantly reduce the cosmological constant) one needs to start exponentially close to the tuned value of the coupling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$, while for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon \sim 0.1$$\end{document}$--$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.01$$\end{document}$ one can be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{O}(1)$$\end{document}$ away from the special point. The conservative option is then to assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon \sim 0.1$$\end{document}$--$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.01$$\end{document}$ and that Eq. ([2.5](#Equ5){ref-type=""}) is tuned against $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_\mathrm{UV}$$\end{document}$ to yield the observed cosmological constant.

Weinberg has argued \[[@CR16]\] that a dilaton-like field can not be used to relax the cosmological constant to zero: if the theory is exactly conformal ($\documentclass[12pt]{minimal}
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The dilaton effective potential in holographic models {#Sec3}
=====================================================

A general holographic model can be obtained by considering the action$$\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa ^2$$\end{document}$ is the 5D Newton constant, which is related to 5D Planck scale via $\documentclass[12pt]{minimal}
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We can then calculate the effective potential for the dilaton for an arbitrary background. We will assume that the general background is cut off at the position $\documentclass[12pt]{minimal}
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Let us now calculate the effective potential for the dilaton in these general backgrounds. The effective potential is obtained by integrating the bulk action over the solutions of the bulk equations of motion, with the scalar BCs ([3.6](#Equ11){ref-type=""}) imposed both at the UV and the IR. We do not impose the Israel junction conditions ([3.6](#Equ11){ref-type=""}) corresponding to the BC for the warp factor. Eventually the UV brane junction condition can be imposed, thereby fixing the location $\documentclass[12pt]{minimal}
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The minimization condition of the dilaton potential Eq. ([3.14](#Equ19){ref-type=""}) can be written as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-function. We will derive explicitly the same result from Eq. ([3.13](#Equ18){ref-type=""}) in Sect. [5](#Sec5){ref-type="sec"}. That the value at the minimum itself might be non-vanishing implies that the solution does not actually have flat 4D sections, therefore to find the corresponding complete bulk solution a more general ansatz, different from ([3.2](#Equ7){ref-type=""}), would be needed, along the lines of \[[@CR29]\].

Constant bulk potential--flat dilaton potential by tuning two condensates {#Sec4}
=========================================================================

Before we discuss the case with a non-trivial scalar bulk potential, it is very instructive to consider the theory with a constant potential. This is useful for two reasons:It provides a 5D gravity dual for the formation of a dimension 4 condensate and hence a 'soft-wall' version of the RS-model of SBSI.This solution will be relevant for the IR region for the discussion of the general case with a small bulk mass in the next section.The theory with constant bulk potential corresponds to adding an additional exactly marginal operator to the theory. If this operator condenses, it is expected to give another $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _0$$\end{document}$. This will provide us with an alternative way of obtaining a flat dilaton potential compared to RS/GW. In GW one tunes the IR brane tension against the bulk cosmological constant to ensure that the condensate corresponding to the IR brane does not produce a quartic dilaton term, resulting in a flat dilaton potential. The other possibility considered here is to not impose the RS tuning at the IR brane, allowing a tree-level quartic from the condensate, but then canceling this with another quartic corresponding to the condensate of the bulk scalar. By appropriately tuning the two condensates against each other one finds another way of obtaining a flat dilaton potential. While this also involves tuning, the significance of this is that by introducing the small bulk mass this tuning can be alleviated.

We parametrize the bulk potential as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_i(\phi ) = \Lambda _i + \lambda _i (\phi - v_i)^2, \end{aligned}$$\end{document}$$though for most arguments the detailed form of the brane potentials will not matter. The bulk only depends on the derivative of the scalar field, and thus one has a $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi \rightarrow \phi +C$$\end{document}$ shift symmetry, which signals the presence of conformal symmetry in this case. Thus one expects this to correspond to a purely spontaneous breaking of scale invariance.

The bulk equations of motion for this case can be solved analytically and the solutions are \[[@CR30]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$y_\mathrm{c}$$\end{document}$ corresponds to this condensate. This solution on its own can be considered a 'soft-wall' version of a model of SBSI. While RS corresponds to the condensation of an infinite-dimensional operator (hence the metric is exactly AdS all the way till the condensate forms, described by the appearance of the IR brane), here we have the more realistic case of the formation of a dimension 4 condensate. Both of these correspond to pure spontaneous breaking of scale invariance, and hence both of these should give pure quartic potentials for the dilaton. In our construction we will assume that both condensates are present, and that the pure RS condensate forms earlier, hence the IR brane will shield the singularity. Therefore we consider the region $\documentclass[12pt]{minimal}
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For generic brane potentials $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The generic structure of the effective potential has a very clear explanation: the only explicit breaking of scale invariance in this theory corresponds to the introduction of the UV brane. Thus in the limit when the UV brane is removed, the effective potential must reduce to a pure quartic (plus a UV contribution to the cosmological constant). This is indeed what we find here, and the explicit expression for the quartic depends on $\documentclass[12pt]{minimal}
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We should stress that once the tuning on $\documentclass[12pt]{minimal}
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Notice that in order to obtain a small cosmological constant (neglecting $\documentclass[12pt]{minimal}
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In two appendices, Appendix B and C, we present the detailed description of the cases with a small back-reaction and with no bulk mass, and small back-reaction and small bulk mass (the GW case).

Light dilaton without tuning: the general case {#Sec5}
==============================================

We are now ready to consider the general case with $\documentclass[12pt]{minimal}
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For the brane potentials we will again use a quadratic expression, Eq. ([4.2](#Equ26){ref-type=""}), but as explained before the detailed form of this potential again does not matter.

In order to find the bulk solution, we note that we can break up the bulk into two regions: the UV region dominated by a mild RGE running of the scalar where the solution remains close to AdS, and the IR region dominated by the condensate, where the solution is of the form considered in the previous section. We will then match up these two solutions using asymptotic matching for the boundary layer theory of differential equations \[[@CR31]\].
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The full approximate solution[4](#Fn4){ref-type="fn"} to the system is$$\documentclass[12pt]{minimal}
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We can now compute the effective potential for the dilaton as usual (again in the $\documentclass[12pt]{minimal}
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Next we examine the value of the potential at the minimum, which is the effective cosmological constant. In the approximation we have followed in this section, the cosmological constant is given by $\documentclass[12pt]{minimal}
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We finally show that regardless of the explicit form of the IR brane potential the value of the potential at the minimum is always suppressed by $\documentclass[12pt]{minimal}
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Conclusions {#Sec6}
===========

We presented a 5D holographic construction of a theory with a naturally light dilaton: a conformal theory perturbed by an almost marginal (dimension $\documentclass[12pt]{minimal}
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In order to find the explicit holographic description of this setup we first considered the case with an exactly marginal perturbation, and described the exact solutions of the scalar-gravity equations for this system. This solution is a novel holographic dual of an exactly conformal theory where conformality is broken via the condensate of a dimension 4 operator. Even though the metric deviates significantly from AdS in the IR, this nevertheless corresponds to a non-linearly realized conformal theory. This solution provides the description of the IR region for the case with the $\documentclass[12pt]{minimal}
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Appendix A: Effective potential and boundary terms {#Sec7}
==================================================

We show here another way to get the effective dilaton potential ([3.12](#Equ17){ref-type=""}) from integrating out the extra dimension. In order to properly disentangle brane and bulk contributions to $\documentclass[12pt]{minimal}
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Appendix B: The massless case for small back-reaction {#Sec8}
=====================================================

The computation of the effective potential in Sect. [4](#Sec4){ref-type="sec"} can be explicitly carried out for the case when the back-reaction of the metric is small, that is, when we expand around the usual AdS solution ($\documentclass[12pt]{minimal}
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The rescaling of the potential after taking into account the dilaton--graviton mixing is given by (see Appendix E)$$\documentclass[12pt]{minimal}
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Appendix C: (Mistuned) Goldberger--Wise revisited {#Sec9}
=================================================

We revisit here the scenario discussed in Sect. [5](#Sec5){ref-type="sec"} under the assumption of a small mistune $\documentclass[12pt]{minimal}
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The solutions to the bulk equations of motion close to AdS space, at $\documentclass[12pt]{minimal}
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We can now compute the effective potential as in Eqs. ([4.19](#Equ43){ref-type=""}) and ([4.20](#Equ44){ref-type=""}), as a function of $\documentclass[12pt]{minimal}
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Appendix D: Asymptotic matching {#Sec10}
===============================

In order to perform the asymptotic matching between the running and the boundary solutions it is somewhat more convenient to change coordinates and rewrite the equations of motion ([3.5](#Equ10){ref-type=""}) for $\documentclass[12pt]{minimal}
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The IR BC fixes only one of the two integration constants; the other is going to be fixed by the asymptotic matching with the UV solution.
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Transforming back to the original coordinates we obtain ([5.15](#Equ65){ref-type=""}).

Appendix E: Dilaton kinetic term {#Sec11}
================================

We can parametrize the fluctuations of the 5D metric of Eq. ([3.2](#Equ7){ref-type=""}) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hbox {d}s^2 = \hbox {e}^{-2 W(x,y)} \hat{g}_{\mu \nu }(x)\,\hbox {d}x^\mu \,\hbox {d}x^\nu - T(x,y)^2\,\hbox {d}y^2. \end{aligned}$$\end{document}$$Upon evaluation of the 5D Ricci scalar term in Eq. ([3.1](#Equ6){ref-type=""}) in terms of the metric Eq. ([11.1](#Equ106){ref-type=""}), one obtains$$\documentclass[12pt]{minimal}
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A proper parametrization to describe the dilaton fluctuations is given by Csaki et al. \[[@CR10]\] (see also \[[@CR32]\]),$$\documentclass[12pt]{minimal}
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E.1 Dilaton reparametrizations {#Sec12}
------------------------------

In the main text we have parametrized the background dilaton solution by $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \chi ^4&= \frac{2 \tilde{\chi }^4}{1+\tilde{\chi }^8 + (1-\tilde{\chi }^8) \cosh \left( \frac{2 \kappa }{\sqrt{3}} (v_1 - v_0) \right) }\nonumber \\&+ O(\tilde{\chi }^8/\tilde{\mu }_0^4) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\mu }_0 = \hbox {e}^{-ky_0}$$\end{document}$ and where we have taken the limit $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _0, \lambda _1 \rightarrow \infty $$\end{document}$ for simplicity. This nuisance is trivially solved by considering the dilaton interactions with gravity of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{\kappa ^2} \left( \int _{y_0}^{y_1}\,\hbox {d}y\,\hbox {e}^{- 2 A(y)} \right) \sqrt{\hat{g}} \mathcal {R}[\hat{g}]= M_\mathrm{Pl,eff}^2(y_0,y_1) \sqrt{\hat{g}} \mathcal {R}[\hat{g}],\nonumber \\ \end{aligned}$$\end{document}$$which defines the effective Planck scale, as a function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_1$$\end{document}$. For a proper holographic interpretation of the effective dilaton potential it is convenient to factor out the dependence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_\mathrm{Pl,eff}$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_1$$\end{document}$ and reabsorb it on the metric by a transformation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{\hat{g}} \rightarrow \sqrt{\hat{g}}/K^2$$\end{document}$, which will leave the gravitational kinetic term as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mu _0^2/\kappa ^2 k) \sqrt{\hat{g}} \mathcal {R}[\hat{g}]$$\end{document}$, with no dilaton contribution (interpreted as a purely elementary operator), and it will bring the dilaton potential to its expected $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^4 F(\chi /\mu _0)$$\end{document}$ form, regardless of the identification of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _0$$\end{document}$ as functions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_0$$\end{document}$, respectively. We can check this explicitly in the case at hand, where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\frac{1}{k} \int _{y_0}^{y_1}\,\hbox {d}y\,\hbox {e}^{- 2 A(y)}= -\frac{1}{2} (\mu _0^2-\chi ^2)\nonumber \\&\quad + i \frac{\sqrt{2}}{8} \delta ^2 \left[ \mathcal {B}\left( \left( \mu _0^4/\delta ^4 +\sqrt{1+\mu _0^8/\delta ^8} \right) ^2,3/4,1/2 \right) \right. \nonumber \\&\quad - \left. \mathcal {B}\left( \left( \chi ^4/\delta ^4+\sqrt{1+\chi ^8/\delta ^8} \right) ^2,3/4,1/2 \right) \right] \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta $$\end{document}$ defined in Eqs. ([4.8](#Equ32){ref-type=""}) and ([4.9](#Equ33){ref-type=""}), respectively, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {B}$$\end{document}$ is the incomplete beta function. Evaluating $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta $$\end{document}$ as obtained solving the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$ BCs, Eq. ([4.17](#Equ41){ref-type=""}), one obtains the expected $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K= 1 + O(\chi ^2/\mu _0^2)$$\end{document}$. Likewise, if the dilaton is parametrized by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\chi }$$\end{document}$, the effective potential after the rescaling of the metric gets their expected scale invariant form,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\hbox {e}^{-4 A(y_1)}}{K^2} = \tilde{\chi }^4 \left( \mathrm{sech}^2\left( \frac{\kappa }{\sqrt{3}} (v_1 - v_0) \right) +O(\tilde{\chi }^2/ \tilde{\mu }_0^2) \right) ,\nonumber \\ \end{aligned}$$\end{document}$$where the constant factor can be redefined away.

Appendix F: Linear IR potential {#Sec13}
===============================
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The minimum is found at$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\langle {\chi } \rangle }{\mu _0} = \left( - \frac{a_0}{v_0 \alpha _1} \right) ^{-1/\epsilon } + O(\epsilon ) , \end{aligned}$$\end{document}$$while the dilaton mass is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m_\chi ^2 = 4 \epsilon a_0 \langle {\chi } \rangle ^2 . \end{aligned}$$\end{document}$$

This matching was also recently used by Chacko et al. \[[@CR18]\] for finding the solution to a particular bulk potential providing small perturbations around AdS.

The UV brane is a source of explicit breaking, which is eliminated once the UV brane is removed, $\documentclass[12pt]{minimal}
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